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QUASI GENERALIZED CR-LIGHTLIKE SUBMANIFOLDS OF
INDEFINITE NEARLY SASAKIAN MANIFOLDS
FORTUN ´E MASSAMBA*, SAMUEL SSEKAJJA**
ABSTRACT. In this paper, we introduce and study a new class of CR-lightlike
submanifold of an indefinite nearly Sasakian manifold, called Quasi Generalized
Cauchy-Riemann (QGCR) lightlike submanifold. We give some characterization
theorems for the existence of QGCR-lightlike submanifolds and finally derive
necessary and sufficient conditions for some distributions to be integrable.
1. INTRODUCTION
Blair [3] introduced the notions of a nearly Sasakian manifold as a special class
of almost contact metric manifolds. An indefinite nearly Sasakian manifold dif-
fers from an indefinite Sasakian manifold, since in the former, the manifold is not
necessarily normal [2]. In fact, any normal nearly Sasakian manifold is Sasakian
(see [3] and references therein for more details). From then, many papers have
appeared on these manifolds and their submanifolds [2], [6], [1] and [19]. In these
papers, the geometry is restricted to a Riemannian case and thus, little or no at-
tempt has been made to investigate their lightlike (null) cases. Lightlike geometry
has its applications in mathematical physics, in particular, general relativity and
electromagnetism [7]. Differential geometry of lightlike submanifolds was intro-
duced by Bejancu and Duggal [7] and later studied by many authors [8], [11], [12],
[14], [16], [17] and references therein.
In [11], the authors initiated the study of Generalized Cauchy-Riemann (GCR)
lightlike submanifolds of an indefinite Sasakian manifold, in which the structural
vector field, ξ, of the almost contact metric structure (φ, η, ξ, g) was assumed to
be tangent to the submanifold. Moreover, when ξ is tangent to the submanifold,
Calin [5] proved that it belongs to the screen distribution. However, the structural
vector field is globally defined on the tangent bundle of the ambient manifold,
which implies that other classes of submanifolds with non-tangential structural
vector fields are certainly possible. Recently, a few papers have been published
on the subject, focusing on ascreen and generic lightlike submanifolds ([12], [13]).
Thus, the absence of evidence of research in the geometry of lightlike submanifolds
of nearly Sasakian manifolds and the fact that ξ belongs to the tangent bundle
of the ambient space has motivated us to introduce a new class of CR-lightlike
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submanifold of a nearly Sasakian manifold, known as Quasi Generalized Cauchy-
Riemann (QGCR) lightlike submanifold.
The objective of this paper is to characterize totally umbilical and totally geo-
desic QGCR-lightlike submanifolds of a nearly Sasakian manifold. The rest of the
paper is organized as follows. In Section 2, we present the basic notions of nearly
Sasakian structures and lightlike submanifolds which we refer to in the remain-
ing sections. In Section 3, we introduce QGCR-lightlike submanifolds. Section
4 is devoted to the non-existance theorms regarding totally umbilical and totally
geodesic QGCR-lightlike submanifolds. Finally, in Section 5 we derive the nec-
essarily and sufficient conditions for the integrability of the key distributions of a
QGCR-lightlike submanifold of an indefinite nearly Sasakian manifold.
2. PRELIMINARIES
Let M be a (2n + 1)-dimensional manifold endowed with an almost contact
structure (φ, ξ, η), i.e. φ is a tensor field of type (1, 1), ξ is a vector field, and η is
a 1-form satisfying
φ
2
= −I+ η ⊗ ξ, η(ξ) = 1, η ◦ φ = 0 and φ(ξ) = 0. (2.1)
Then (φ, ξ, η, g) is called an indefinite almost contact metric structure on M if
(φ, ξ, η) is an almost contact structure on M and g is a semi-Riemannian metric on
M such that [4], for any vector field X, Y on M ,
g(φX,φ Y ) = g(X,Y )− η(X) η(Y ), (2.2)
It follows that, for any vector X on M ,
η(X) = g(ξ,X). (2.3)
If, moreover,
(∇Xφ)Y + (∇Y φ)X = 2g(X,Y )ξ − η(Y )X − η(X)Y , (2.4)
for any vector fields X, Y on M , where ∇ is the Levi-Civita connection for the
semi-Riemannian metric g, we call M an indefinite nearly Sasakian manifold.
We denote by Γ(Ξ) the set of smooth sections of the vector bundle Ξ. Let Ω be
the fundamental 2-form of M defined by
Ω(X,Y ) = g(X,φ Y ), X, Y ∈ Γ(TM). (2.5)
Replacing Y by ξ in (2.4) we obtain
∇Xξ − φ
2
∇ξX + φ∇ξφX = −φX, (2.6)
for any X ∈ Γ(TM).
Introduce a (1,1)-tensor H on M taking
H X = −φ
2
∇ξX + φ∇ξφX,
for any X ∈ Γ(TM), such that (2.6) reduces to
∇Xξ +HX = −φX. (2.7)
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Lemma 2.1. The linear operator H has the properties
H φ+ φH = 0, Hξ = 0, η ◦H = 0,
and g(HX,Y ) = −g(X,H Y ) (i.e. H is skew-symmetric). (2.8)
Proof. The proof follows from a straightforward calculation. 
By (2.7), it is easy to check that
∇ξξ = 0. (2.9)
The fundamental 2-form Ω and the 1-form η are related as follows.
Lemma 2.2. Let (M,φ, ξ, η, g) be an indefinite nearly Sasakian manifold. Then,
Ω(X,Y ) = dη(X,Y ) + g(HX,Y ), (2.10)
for any X, Y ∈ Γ(TM). Moreover, M is Sasakian if and only if H vanishes
identically on M .
Proof. The relation (2.10) follows from a straightforward calculation. The second
assertion follows from Theorem 3.2 in [2]. 
Note that, for any X, Y , Z ∈ Γ(TM),
g((∇Zφ)X,Y ) = −g(X, (∇Zφ)Y ). (2.11)
This means that the tensor ∇φ is skew-symmetric.
Let (M,g) be an (m + n)-dimensional semi-Riemannian manifold of constant
index ν, 1 ≤ ν ≤ m + n and M be a submanifold of M of codimension n. We
assume that both m and n are ≥ 1. At a point p ∈ M , we define the orthogonal
complement TpM⊥ of the tangent space TpM by
TpM
⊥ = {X ∈ Γ(TpM) : g(X,Y ) = 0, ∀Y ∈ Γ(TpM)}.
We put RadTpM = RadTpM⊥ = TpM ∩ TpM⊥. The submanifold M of M is
said to be r-lightlike submanifold (one supposes that the index of M is ν ≥ r), if
the mapping
RadTM : p ∈M −→ RadTpM
defines a smooth distribution on M of rank r > 0. We call RadTM the radical
distribution on M . In the sequel, an r-lightlike submanifold will simply be called
a lightlike submanifold and g is lightlike metric, unless we need to specify r.
Let S(TM) be a screen distribution which is a semi-Riemannian complemen-
tary distribution of RadTM in TM , that is,
TM = RadTM ⊥ S(TM). (2.12)
Choose a screen transversal bundle S(TM⊥), which is semi-Riemannian and com-
plementary to RadTM in TM⊥. Since, for any local basis {Ei} of RadTM ,
there exists a local null frame {Ni} of sections with values in the orthogonal com-
plement of S(TM⊥) in S(TM)⊥ such that g(Ei, Nj) = δij , it follows that there
exists a lightlike transversal vector bundle ltr(TM) locally spanned by {Ni} [7].
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Let tr(TM) be complementary (but not orthogonal) vector bundle to TM in
TM . Then,
tr(TM) = ltr(TM) ⊥ S(TM⊥), (2.13)
TM =S(TM) ⊥ S(TM⊥) ⊥ {Rad TM ⊕ ltr(TM)}. (2.14)
Note that the distribution S(TM) is not unique, and is canonically isomorphic to
the factor vector bundle TM/RadTM . [11]
We say that a lightlike submanifold M of M is
(1) r-lightlike if 1 ≤ r < min{m,n};
(2) co-isotropic if 1 ≤ r = n < m, S(TM⊥) = {0};
(3) isotropic if 1 ≤ r = m < n, S(TM) = {0};
(4) totally lightlike if r = n = m, S(TM) = S(TM⊥) = {0}.
Similar to [12], we use the following range of indices in this paper,
i, j, k ∈ {1, . . . , r}, α, β, γ ∈ {r + 1, . . . , n}.
Consider a local quasi-orthonormal fields of frames of M along M , on U as
{E1, · · · , Er, N1, · · · , Nr,Xr+1, · · · ,Xm,W1+r, · · · ,Wn},
where {Xr+1, · · · ,Xm} and {W1+r, . . . ,Wn} are respectively othornomal bases
of Γ(S(TM)|U ) and Γ(S(TM⊥)|U ) and that ǫα = g(Wα,Wα) be the signatures
of Wα.
Let P be the projection morphism of TM on to S(TM). Using the decompo-
sition (2.14), consider the projection morphisms L and S of tr(TM) on ltr(TM)
and S(TM⊥), respectively. Then, the Gauss-Wiengartein equations [10] of an
r-lightlike submanifold M and S(TM) are the following;
∇XY = ∇XY +
r∑
i=1
hli(X,Y )Ni +
n∑
α=r+1
hsα(X,Y )Wα, (2.15)
∇XNi = −ANiX +
r∑
j=1
τij(X)Nj +
n∑
α=r+1
ρiα(X)Wα, (2.16)
∇XWα = −AWαX +
r∑
i=1
ϕαi(X)Ni +
n∑
β=r+1
σαβ(X)Wβ , (2.17)
∇XPY = ∇
∗
XPY +
r∑
i=1
h∗i (X,PY )Ei, (2.18)
∇XEi = −A
∗
Ei
X −
r∑
j=1
τji(X)Ej , ∀ X,Y ∈ Γ(TM), (2.19)
where hl(X,Y ) = Lh(X,Y ), hs(X,Y ) = Sh(X,Y ), ∇ and ∇∗ are the induced
connections on TM and S(TM) respectively, hli and hsα are symmetric bilinear
forms known as local lightlike and screen fundamental forms of TM respectively.
Also h∗i are the second fundamental forms of S(TM). ANi , A∗Ei and AWα are
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linear operators on TM while τij , ρiα, ϕαi and σαβ are 1-forms on TM . It is
known [7, 10] that
hli(X,Y ) = g(∇XY,Ei), ∀X,Y ∈ Γ(TM), (2.20)
from which we deduce the independence of hli on the choice of S(TM).
The second fundamental tensor of M is given by
h(X,Y ) =
r∑
i=1
hli(X,Y )Ni +
n∑
α=r+1
hsα(X,Y )Wα, (2.21)
for any X,Y ∈ Γ(TM). It is easy to see that ∇∗ is a metric connection on S(TM)
while ∇ is generally not a metric connection and is given by
(∇Xg)(Y,Z) =
r∑
i=1
{hli(X,Y )λi(Z) + h
l
i(X,Z)λi(Y )},
for any X,Y ∈ Γ(TM) and λi are 1-forms given by
λi(X) = g(X,Ni), ∀X ∈ Γ(TM). (2.22)
The above three local second fundamental forms are related to their shape operators
by the following set of equations
g(A∗EiX,Y ) = h
l
i(X,Y ) +
r∑
j=1
hlj(X,Ei)λj(Y ), g¯(A
∗
Ei
X,Nj) = 0, (2.23)
g(AWαX,Y ) = ǫαh
s
α(X,Y ) +
r∑
i=1
ϕαi(X)λi(Y ), (2.24)
g¯(AWαX,Ni) = ǫαρiα(X), (2.25)
g(ANiX,Y ) = h
∗
i (X,PY ), λj(ANiX) + λi(ANjX) = 0, (2.26)
for any X,Y ∈ Γ(TM).
For any r-lightlike submanifold, replacing Y by Ei in (2.24), we get
hsα(X,Ei) = −ǫαϕαi(X), ∀X ∈ Γ(TM). (2.27)
A lightlike submanifold (M,g), of a semi-Riemannian manifold (M,g) is said
to be totally umbilical in M [10] if there is a smooth transversal vector field H ∈
Γ(tr(TM)), called the transversal curvature vector of M such that
h(X,Y ) = Hg(X,Y ), (2.28)
for all X,Y ∈ Γ(TM).
Moreover, it is easy to see that M is totally umbilical inM , if and only if on each
coordinate neighborhood U there exist smooth vector fields Hl ∈ Γ(ltr(TM))
and Hs ∈ Γ(S(TM⊥)) and smooth functions Hli ∈ F (ltr(TM)) and Hsα ∈
F (S(TM⊥)) such that
hl(X,Y ) = Hlg(X,Y ), hs(X,Y ) = Hsg(X,Y ),
hli(X,Y ) = H
l
ig(X,Y ), h
s
α(X,Y ) = H
s
αg(X,Y ), (2.29)
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for all X,Y ∈ Γ(TM).
The above definition is independent of the choice of the screen distribution.
3. QUASI GENERALIZED CR-LIGHTLIKE SUBMANIFOLDS
Generally, the structure vector field ξ belongs to TM . Therefore, we define it
according to decomposition (2.14) as follows;
ξ = ξS + ξS⊥ + ξR + ξl, (3.1)
where ξS is a smooth vector field of S(TM) and ξS⊥ , ξR, ξl are defined as follows
ξR =
r∑
i=1
aiEi, ξl =
r∑
i=1
biNi, ξS⊥ =
n∑
α=r+1
cαWα (3.2)
with ai = η(Ni), bi = η(Ei) and cα = ǫαη(Wα) all smooth functions on M .
Generalised Cauchy Riemann (GCR) lightlike submanifolds were introduced in
[10, 11], in which the structure vector field ξ was assumed tangent to the submani-
fold. Contrary to this assumption, we introduce a special class of CR-lightlike sub-
manifold in which ξ belongs to TM , called Quasi Generalized Cauchy-Riemann
(QGCR)-lightlike submanifold as follows.
Definition 3.1. Let (M,g, S(TM), S(TM⊥)) be a lightlike submanifold of an
indefinite nearly Sasakian manifold (M,g, φ, ξ, η). We say that M is Quasi Gen-
eralized Cauchy-Riemann (QGCR)-lightlike submanifold of M if the following
conditions are satisfied:
(i) there exist two distributions D1 and D2 of Rad(TM) such that
RadTM = D1 ⊕D2, φD1 = D1, φD2 ⊂ S(TM), (3.3)
(ii) there exist vector bundles D0 and D over S(TM) such that
S(TM) = {φD2 ⊕D} ⊥ D0, (3.4)
with φD0 ⊆ D0, D = φS ⊕ φL, (3.5)
where D0 is a non-degenerate distribution on M , L and S are respectively vector
subbundles of ltr(TM) and S(TM⊥).
If D1 6= {0}, D0 6= {0}, D2 6= {0} and S 6= {0}, then M is called a proper
QGCR-lightlike submanifold.
Let M be a QGCR-lightlike submanifold of an indefinite nearly Sasakian man-
ifold M . If the structure vector field ξ is tangent to M , then, ξ ∈ Γ(S(TM)). The
proof of this is similar to one given by Calin in Sasakian case [5]. In this case, if
X ∈ Γ(S) and Y ∈ Γ(L), then η(X) = η(Y ) = 0 and
g(φX,φY ) = g(X,Y )− η(X)η(Y ) = 0,
which reduces the direct sum D in (3.5) to the orthogonal direct sum D = φS ⊥
φL, and thus φD = S ⊥ L. Since ξ ∈ Γ(S(TM)) and ξ is neither a vector
field in φD2 nor in D, ξ is in D0. By φD0 ⊆ D0, there exist a distribution D′0 of
rank (rank(D0)− 1) and satisfying φD′0 = D′0 such that D0 = D′0 ⊥ 〈ξ〉, where
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〈ξ〉 is the 1-dimensional distribution spanned by ξ. Therefore, the QGCR-lightlike
submanifold tangent to ξ reverts to a GCR-lightlike submanifold [11].
Proposition 3.2. A QGCR-lightlike submanifold M of an indefinite nearly Sasakian
manifold M tangent to the structure vector field ξ is a GCR-lightlike submanifold.
Next, we follow Yano-Kon [20, p. 353] definition of contact CR-submanifolds
and state the following definition for a quasi contact CR-lightlike submanifold.
Definition 3.3. Let (M,g, S(TM), S(TM⊥)) be a lightlike submanifold of an
indefinite nearly Sasakian manifold (M,g, φ, ξ, η). We say that M is quasi contact
CR-lightlike submanifold of M if the following conditions are satisfied;
(i) RadTM is a distribution on M such that RadTM ∩ φ(RadTM) = {0};
(ii) there exist vector bundles D0 and D′ over S(TM) such that
S(TM) = {φ(Rad TM)⊕D′} ⊥ D0, (3.6)
with φD0 ⊆ D0, D′ = φL1 ⊕ φltr(TM), (3.7)
where D0 is a non-degenerate, L1 is vector subbundle of S(TM⊥).
It is easy to see that when the structure vector field ξ is tangent to the quasi
Contact CR-lightlike submanifold M , then M is a contact CR.
Proposition 3.4. A QGCR-lightlike submanifold of an indefinite nearly Sasakian
manifold M , is a quasi contact CR if and only if D1 = {0}.
Proof. Let M be a quasi contact CR-lightlike submanifold. Then φ(RadTM) is
a distribution on M such that φ(Rad TM) ∩ RadTM = {0}. Therefore, D2 =
RadTM and D1 = {0}. Hence, φ(ltr(TM)) ∩ ltr(TM) = {0}. Then it follows
that φ(ltr(TM)) ⊂ S(TM). The converse is obvious. 
From (2.12), the tangent bundle of any QGCR lightlike submanifold, TM , can
be rewritten as
TM = D ⊕ D̂, where D = D0 ⊥ D1 and D̂ = {D2 ⊥ φD2} ⊕D.
Notice that D is invariant with respect to φ while D̂ is not generally anti-
invariant with respect to φ.
Note the following for a proper QGCR-lightlike submanifold (M,g, S(TM),
S(TM⊥)) of an indefinite almost contact metric manifolds M according to Defi-
nition 3.1:
(1) Condition (i) implies that dim(Rad TM) = s ≥ 3,
(2) Condition (ii) implies that dim(D) ≥ 4l ≥ 4 and dim(D2) = dim(L).
Next we adopt the definition of ascreen lightlike submanifolds used by Jin in [13]
for the case of contact ambient manifold in case of lightlike submanifolds of an
almost contact manifold.
Definition 3.5. [13] A lightlike submanifold M , immersed in a semi-Riemannian
manifoldM is said to be ascreen if the structural vector field, ξ, belongs to RadTM
⊕ltr(TM).
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Note that, since L defined in Definition 3.1 is a subbundle of ltr(TM), there is
a complementary subbundle ν of ltr(TM) such that
ltr(TM) = L ⊥ ν.
It is easy to check that the complementary subbundle ν is invariant under φ, i.e.
φν = ν.
LetM be an ascreen QGCR-lightlike submanifold of an indefinite nearly Sasakian
manifold M . Then by Definition 3.5, the structural vector field ξ ∈ RadTM
⊕ltr(TM). This means that ξ is either in RadTM or ltr(TM). If ξ ∈ RadTM ,
then ξ ∈ D2 since φD1 = D1 and φξ = 0. On the other hand, if ξ ∈ ltr(TM),
then ξ ∈ Γ(L) because of the fact that φν = ν and φξ = 0. Therefore, we have
the following.
Lemma 3.6. If M is an ascreen QGCR-lightlike submanifold of an indefinite
nearly Sasakian manifold M , then ξ ∈ Γ(D2 ⊕L).
Theorem 3.7. Let (M,g, S(TM), S(TM⊥)) be a 3-lightlike QGCR submanifold
of an indefinite almost contact manifold (M,g, φ, ξ, η). Then M is ascreen light-
like submanifold if and only if φL = φD2.
Proof. Suppose that M is ascreen. Then, by Lemma 3.6, ξ ∈ Γ(D2 ⊕ L). Since
M is a 3-lightlike QGCR submanifold, and RadTM = D1⊕D2 with φD1 = D1
and ltr(TM) = L ⊥ ν with φν = ν, the distributions D2 and L are of rank 1.
Consequently,
ξ = aE + bN, (3.8)
where E ∈ Γ(D2) and N ∈ Γ(L), and a = η(N) and b = η(E) are non-zero
smooth functions. Applying φ to the first relation of (3.8) and using the fact that
φξ = 0, we get
aφE + bφN = 0. (3.9)
From (3.9), one gets φE = ωφN , where ω = − b
a
6= 0, a non vanishing smooth
function. This implies that φL∩φD2 6= {0}. Since rank(φD2) = rank(φL) = 1,
it follows that φL = φD2.
Conversely, suppose that φL = φD2. Then, there exists a non-vanishing smooth
function ω such that
φE = ωφN. (3.10)
Taking the g–product of (3.10) with respect to φE and φN in turn, we get
b2 = ω(ab− 1) and ωa2 = ab− 1. (3.11)
Since ω 6= 0, by (3.11), we have a 6= 0, b 6= 0 and b2 = (ωa)2. The latter
gives b = ±ωa. The case b = ωa implies that ab = ωa2 = ab − 1, which is a
contradiction. Thus b = −ωa, from which 2ab = 1. Since ω = − b
a
, a 6= 0 and
φE = ωφN , it is easy to see that aφE + bφN = 0. Applying φ to this equation,
and using the first relation in (2.1), together with 2ab = 1, we get ξ = aE + bN .
Therefore, M is ascreen lightlike submanifold of M . 
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In the ascreen QGCR-lightlike submanifold case, the item (ii) of Definition 3.1
implies that dim(D) ≥ 4l ≥ 4 and dim(D2) = dim(L). Thus dim(M) ≥ 7
and dim(M) ≥ 11, and any 7-dimensional ascreen QGCR-lightlike submanifold
is 3-lightlike.
As an example for QGCR-lightlike submanifold of indefinite nearly Sasakian
manifold, we have the following.
Example 3.8. Let M = (R114 , g) be a semi-Euclidean space, where g is of signa-
ture (−,−,+,+,+,−,−,+,+,+,+) with respect to the canonical basis
(∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂y1, ∂y2, ∂y3, ∂y4, ∂y5, ∂z).
Let (M,g) be a submanifold of M given by
x1 = y4, y1 = −x4, z = x2 sin θ + y2 cos θ and y5 = (x5)
1
2 ,
where θ ∈ (0, pi
2
). By direct calculations, we can easily check that the vector fields
E1 = ∂x4 + ∂y1 + y
4∂z, E2 = ∂x1 − ∂y4 + y
1∂z,
E3 = sin θ∂x2 + cos θ∂y2 + ∂z, X1 = 2y
5∂x5 + ∂y5 + 2(y
5)2∂z,
X2 = − cos θ∂x2 + sin θ∂y2 − y
2 cos θ∂z, X3 = 2∂y3, X4 = 2(∂x3 + y
3∂z),
form a local frame of TM . From this, we can see that RadTM is spanned by
{E1, E2, E3}, and therefore, M is 3-lightlike. Further, φ0E1 = E2, therefore we
set D1 = Span{E1, E2}. Also φ0E3 = −X2 and thus D2 = Span{E3}. It is
easy to see that φ0X3 = X4, so we set D0 = Span{X3,X4}. On the other hand,
following direct calculations, we have
N1 =
1
2
(∂x4 − ∂y1 + y
4∂z), N2 =
1
2
(−∂x1 − ∂y4 + y
1∂z),
N3 =
1
2
(− sin θ∂x2 − cos θ∂y2 + ∂z), W = ∂x5 − 2y
5∂y5 + y
5∂z,
from which ltr(TM) = Span{N1, N2, N3} and S(TM⊥) = Span{W}. Clearly,
φ0N2 = −N1. Further, φ0N3 = 12X2 and thus L = Span{N3}. Notice that
φ0N3 = −
1
2
φ0E3 and therefore φ0L = φ0D2. Also, φ0W = −X1 and therefore
S = Span{W}. Finally, we calculate ξ as follows; Using Theorem 3.7 we have
ξ = aE3 + bN3. Applying φ0 to this equation we obtain aφ0E3 + bφ0N3 = 0.
Now, substituting for φ0E3 and φ0N3 in this equation we get 2a = b, from which
we get ξ = 1
2
(E3+2N3). Since φ0ξ = 0 and g(ξ, ξ) = 1, we conclude that (M,g)
is an ascreen QGCR-lightlike submanifold of M .
Proposition 3.9. There exist no co-isotropic, isotropic or totally lightlike proper
QGCR-lightlike submanifolds of an indefinite nearly Sasakian manifold.
4. SOME CHARACTERIZATION THEOREMS
In this section, we discuss an existence and some non-existence theorems for
proper QGCR-lightlike submanifolds of an indefinite nearly Sasakian manifold
(M,φ, η, ξ, g).
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Theorem 4.1. There exist no totally umbilical proper QGCR-lightlike submani-
folds (M,g, S(TM), S(TM⊥)) of an indefinite nearly Sasakian manifold (M,φ
, η, ξ, g) with the structure vector field ξ tangent to M .
Proof. Suppose that ξ ∈ Γ(TM) and that M is totally umbilical in M . Then,
ξ = ξR + ξS and bi = cα = 0. Using (2.7) and (2.15), we get
− φX = HX +∇Xξ +
r∑
i=1
hli(X, ξ)Ni +
n∑
α=r+1
hsα(X, ξ)Wα, (4.1)
for all X ∈ Γ(TM). Taking the g–product of (4.1) with respect to Wα ∈ Γ(S) we
get
g(X,φWα) = g(HX,Wα) + ǫαh
s
α(X, ξ), ∀X ∈ Γ(TM). (4.2)
Now, letting X = φWα in (4.2) we obtain
g(φWα, φWα) = g(H φWα,Wα) + ǫαh
s
α(φWα, ξ). (4.3)
Since cα = ǫαη(Wα) = 0, then −H φWα = (∇Wαφ)ξ+Wα and the first term on
the right hand side of (4.3) therefore simplifies as follows using (2.4)
−g(H φWα,Wα) = g((∇Wαφ)ξ,Wα) + g(Wα,Wα)
= −g(ξ, (∇Wαφ)Wα) + g(Wα,Wα)
= −g(ξ, g¯(Wα,Wα)ξ) + g(Wα,Wα)
= −g(Wα,Wα) + g(Wα,Wα) = 0. (4.4)
Then substituting g(H φWα,Wα) = 0 in (4.3) we obtain
g(φWα, φWα) = ǫαh
s
α(φWα, ξ). (4.5)
By virtue of the fact that M is totally umbilical in M , (4.5) yields
g(φWα, φWα) = ǫαH
s
αg(φWα, ξ) = 0. (4.6)
Then, simplifying (4.6) while considering η(Wα) = 0, we get g(φWα, φWα) =
g(Wα,Wα) = ǫα = 0, which is a contradiction. 
We notice from the above theorem that if ξ is tangent toM , then g¯(H φWα,Wα)
= 0. It is easy to see that g¯(HX,Wα) = 0, for all X ∈ Γ(φS). Hence, HX has
no component along S for all X ∈ Γ(φS).
Corollary 4.2. There exist no totally geodesic proper QGCR-lightlike submani-
folds (M,g, S(TM), S(TM⊥)) of an indefinite nearly Sasakian manifold (M,φ,
η, ξ, g) with the structure vector field ξ tangent to M .
Using Theorem 4.1 and Corollary 4.2 above we get the following non-existence
theorem;
Theorem 4.3. There exist no totally umbilical or totally geodesic proper QGCR-
lightlike submanifolds (M,g, S(TM) , S(TM⊥)) of an indefinite nearly Sasakian
manifold (M,φ, η, ξ, g) with the structure vector field ξ tangent to M .
When the structure vector field ξ is normal, we have the following.
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Theorem 4.4. There exist no proper QGCR-lightlike submanifolds (M,g, S(TM),
S(TM⊥)) of an indefinite nearly Sasakian manifold (M,φ, η, ξ, g) with the struc-
ture vector field ξ normal to M .
Proof. Suppose that ξ ∈ Γ(TM⊥), then
ξ = ξR + ξS⊥, ξl = ξS = 0, bi = 0, ai 6= 0 and cα 6= 0. (4.7)
Differentiating the first equation of (4.7) with respect to X and using (2.6), (2.15)
and (2.17), we get
−φX =
r∑
i=1
X(ai)Ei +
n∑
α=r+1
X(cα)Wα
+
r∑
i=1
ai{∇XEi +
r∑
j=1
hlj(X,Ei)Nj +
n∑
β=r+1
hsβ(X,Ei)Wβ}
+
n∑
α=r+1
cα{−AWαX +
r∑
i=1
ϕαi(X)Ni +
n∑
β=r+1
σαβ(X)Wβ}+HX,
(4.8)
for all X ∈ Γ(TM). Taking the g-product of (4.8) with respect to Ek and φNk ∈
Γ(S(TM)) in turn, where Nk ∈ Γ(L), we get
g(X,φEk) = −
r∑
i=1
aih
l
i(X,Ek)−
n∑
α=r+1
cαh
s
α(X,Ek) + g(HX,Ek). (4.9)
Replacing X with φNk in (4.9) we obtain
g(Nk, Ek) = −
r∑
i=1
aih
l
i(φNk, Ek)−
n∑
α=r+1
cαh
s
α(φNk, Ek) + g(H φNk, Ek).
(4.10)
The g-product with φNk yields
−g(φX,φNk) = −
r∑
i=1
aig(A
∗
Ei
X,φNk) +
r∑
i=1
ai
r∑
j=1
hlj(X,Ei)λj(φNk)
−
n∑
α=r+1
cαg(AWαX,φNk) +
n∑
α=r+1
cα
r∑
j=1
ϕαj(X)λj(φNk)
+ g(HX,φNk). (4.11)
Now, using (2.22), (2.23) and (2.24) in (4.11), we obtain
g(φX,φNk) =
r∑
i=1
aig(A
∗
Ei
X,φNk) +
n∑
α=r+1
cαg(AWαX,φNk)
− g(HX,φNk),
12 FORTUN ´E MASSAMBA, SAMUEL SSEKAJJA
which on replacing X with Ek and simplifying gives
g(Ek, Nk) = bkak +
r∑
i=1
aih
l
i(Ek, φNk) +
n∑
α=r+1
cαh
s
α(Ek, φNk)
− g(HEk, φNk).
(4.12)
Adding (4.10) to (4.12) yields
2g(Ek, Nk) = g(H φNk, Ek)− g(HEk, φNk). (4.13)
But H is skew-symmetric and thus (4.13) becomes
g(Ek, Nk) = g(H φNk, Ek) = 1. (4.14)
By virtue of (4.14), it easy to see that H φNk ∈ Γ(ltr(TM)), particularly, in the
direction of Nk. Hence, there exist a non vanishing smooth function fk such that
H φNk = fkNk. Taking the g-product of this equation with respect to ξ, we get
0 = g(H φNk, ξ) = g(fkNk, ξ) = fkg(Nk, ξ) = fkak, from which ak = 0, a
contradiction. Therefore, in a proper QGCR-lightlike submanifold of an indefinite
nearly Sasakian manifold, ξ does not belong to TM⊥. 
In particular, we have the following.
Corollary 4.5. There exist no totally umbilical or totally geodesic proper QGCR-
lightlike submanifolds (M,g, S(TM), S(TM⊥)) of an indefinite nearly Sasakian
manifold (M,φ, η, ξ, g) with the structure vector field ξ normal to M .
Corollary 4.6. Let (M,g, S(TM), S(TM⊥)) be a proper QGCR-lightlike sub-
manifold of an indefinite nearly Sasakian manifold (M,φ, η, ξ, g). If the structure
vector field ξ is normal to M , then
(1) HX belongs to ltr(TM) for all X ∈ Γ(φL).
(2) HX belongs to RadTM for all X ∈ Γ(φD2).
Theorem 4.7. There exist no totally umbilical proper QGCR-lightlike submani-
folds (M,g, S(TM), S(TM⊥)), with totally umbilical screen distributions, of an
indefinite nearly Sasakian manifold (M,φ, η, ξ, g) with the structure vector field ξ
transversal to M .
Proof. Suppose that ξ ∈ Γ(tr(TM)) and that M is totally umbilical in M , then
ξ = ξl + ξS⊥, ξR = ξS = 0, ai = 0, bi 6= 0 and cα 6= 0. (4.15)
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Differentiating the first equation of (4.15) with respect to X and using (2.6), (2.16)
and (2.17), we get
−φX =
r∑
i=1
X(bi)Ni +
n∑
α=r+1
X(cα)Wα +
r∑
i=1
bi{−ANiX +
r∑
j=1
τij(X)Nj
+
n∑
α=r+1
ρiα(X)Wα}+
n∑
α=r+1
cα{−AWαX +
r∑
i=1
ϕαi(X)Ni
+
n∑
β=r+1
σαβ(X)Wβ}+HX,
for all X ∈ Γ(TM). Now, taking the g-product of the above equation with respect
to φNk ∈ Γ(S(TM)) where Nk ∈ Γ(L), we get
−g(φX,φNk) = −
r∑
i=1
big(ANiX,φNk)−
n∑
α=r+1
cαg(AWαX,φNk)
+ g(HX,φNk). (4.16)
Replacing X with Ek ∈ Γ(D2) in (4.16), we obtain
−g(φEk, φNk) = −
r∑
i=1
big(ANiEk, φNk)−
n∑
α=r+1
cαg(AWαEk, φNk)
+ g(HEk, φNk). (4.17)
Substituting (2.23) and the first equation of (2.26) in (4.17) gives
−g(φEk, φNk) = −
r∑
i=1
bih
∗
i (Ek, φNk)−
n∑
α=r+1
cαh
s
α(Ek, φNk)
+ g¯(HEk, φNk). (4.18)
Since M is totally umbilical in M , with a totally umbilical screen, then (4.18)
yields
− g(φEk, φNk) = g(HEk, φNk), (4.19)
which reduces to g(Ek, Nk) = g(φHEk, Nk) = 1. It is easy to see from this equa-
tion that φHEk ∈ Γ(Rad TM). In particular, there exist non vanishing smooth
functions wk such that φHEk = wkEk. Taking the g–product of this lat equation
with respect to ξ, we obtain 0 = g(φHEk, ξ) = wkg(Ek, ξ) = wkbk. Hence,
bk = 0, and this contradiction completes the proof. 
Corollary 4.8. There exist no totally geodesic proper QGCR-lightlike submani-
folds (M,g, S(TM), S(TM⊥)), with totally geodesic screen distributions, of an
indefinite nearly Sasakian manifold (M,φ, η, ξ, g) with the structure vector field ξ
transversal to M .
Next, we consider the special case H = 0. In particular, the indefinite nearly
Sasakian manifold (M,φ, η, ξ, g) with H = 0
14 FORTUN ´E MASSAMBA, SAMUEL SSEKAJJA
Sasakian manifold M is called an indefinite Sasakian space form, denoted by
M(c), if it has the constant φ-sectional curvature c [14]. The curvature tensor
R of the indefinite space form M(c) is given by
4R(X,Y )Z = (c+ 3){g(Y ,Z)X − g(X,Z)Y }+ (1− c){η(X)η(Z)Y
− η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y ,Z)η(X)ξ
+ g(φY ,Z)φX + g(φZ,X)φY − 2g(φX, Y )φZ}, (4.20)
for any X,Y ,Z ∈ Γ(TM).
Now, using (4.20) we have the following existence theorem.
Theorem 4.9. Let (M,g, S(TM), S(TM⊥)) be a lightlike submanifold of an in-
definite Sasakian space form M(c) with c 6= 1. Then, M is a QGCR-lightlike
submanifold of M(c) if and only if
(a) The maximal invariant subspaces of TpM , p ∈M define a distribution
D = D0 ⊥ D1,
where RadTM = D1 ⊕D2 and D0 is a non-degenerate invariant distri-
bution.
(b) There exists a lightlike transversal vector bundle ltr(TM) such that
g(R(X,Y )E,N) = 0, ∀X,Y ∈ Γ(D0), E ∈ Γ(RadTM), N ∈ Γ(ltr(TM)).
(c) There exists a vector subbundle M2 on M such that
g(R(X,Y )W,W ′) = 0, ∀W,W ′ ∈ Γ(M2),
where M2 is orthogonal to D and R is the curvature tensor of M(c).
Proof. Suppose M is a QGCR-lightlike submanifold of M(c) with c 6= 1. Then,
D = D0 ⊥ D1 is a maximal invariant subspace. Next, from (4.20), for X,Y ∈
Γ(D0), E ∈ Γ(D2) and N ∈ Γ(ltr(TM)) we have
g(R(X,Y )E,N) =
c− 1
4
{η(X)η(E)g(Y,N)− η(Y )η(E)g(X,N)
− 2g(φX, Y )g(φE,N)}
=
1− c
2
g(φX, Y )g(φE,N).
Since g(φX, Y ) 6= 0 and g(φE,N) = 0, we have g(R(X,Y )E,N) = 0. Simi-
larly, from (4.20), one obtains
g(R(X,Y )W,W ′) =
1− c
2
g(φX, Y )g(φW,W ′),
∀X,Y ∈ Γ(D0) and W,W ′ ∈ Γ(φS). Let W = φW1 and W ′ = φW2 with
W1,W2 ∈ Γ(S). Since g(φX, Y ) 6= 0 and g(φW,W ′) = g(φ
2
W1, φW2) =
g(φW1,W2) = 0. Therefore, we have g(R(X,Y )W,W ′) = 0.
Conversely, assume that (a), (b) and (c) are satisfied. Then (a) implies that
D = D0 ⊥ D1 is invariant. From (b) and (4.20) we get
g(φE,N) = 0, (4.21)
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which implies φE ∈ Γ(S(TM)). Thus, some part of RadTM , say D2, belongs to
S(TM) under the action of φ. Further, (4.21) implies g(φE,N) = g(φ2E,φN) =
g(−E + η(E)ξ, φN) = −g(E,φN) = 0. Therefore, a part of ltr(TM), say
L, also belongs to S(TM) under the action of φ. On the other hand, (c) and
(4.20) imply g(φW,W ′) = 0. Hence we obtain φM2 ⊥ M2. Also, g(φE,W ) =
−g(E,φW ) = −cαη(E) implies that generally φM2 ⊕ RadTM or equivalently,
M2 ⊕ φRadTM . Now, from M2 ⊕ φRadTM and the fact that φD1 = D1,
then M2 ⊥ D1 and M2 ⊕ φD2. This also tells us that φM2 has a component
along ltr(TM), essentially coming from ξ. On the other hand, invariant and non-
degenerate D0 implies g(φW,X) = 0, for X ∈ Γ(D0). Thus, M2 ⊥ D0 and
φM2 ⊥ D0. Since ξ ∈ Γ(TM), we sum up the above results and conclude that
S(TM) = {φD2 ⊕M1 ⊕M2} ⊥ D0,
where M1 = φL. Hence M is QGCR-lightlike submanifold of M(c) and the proof
is completed. 
Note that conditions (b) and (c) are independent of the position of ξ and hence
valid for GCR-lightlike submanifolds [11] and QGCR-lightlike submanifolds of
an indefinte Sasakian space form M(c). When ξ is tangent to M , it is well known
[5] that ξ ∈ Γ(S(TM)). In this case, one has a GCR-lightlike submanifold, in
which D2 ⊥ φD2 is an invariant subbundle of TM , leading to D = D1 ⊥ D2 ⊥
φD2 ⊥ D0 as the maximal invariant subspace of TM . On the other hand, when M
is QGCR-lightlike submanifold then ξ ∈ Γ(TM) and thus D2 ⊥ φD2 is generally
not an invariant subbundle of TM since the action of φ on it gives a component
along ξ. In particular, let E ∈ Γ(D2) then E + φE ∈ Γ(D2 ⊥ φD2). But on
applying φ to this subbundle and considering the fact that η(E) 6= 0 we get −E +
φE + η(E)ξ /∈ Γ(D2 ⊥ φD2). Hence, D = D0 ⊥ D1 is the maximal invariant
subbundle of TM . Further, in the case of QGCR-lightlike submanifold, φD2⊕M2.
In fact, let φE ∈ Γ(φD2) and W = φW1 ∈ Γ(M2), where W1 ∈ Γ(S). Then,
g(φE,W ) = g(φE, φW1) = −η(E)η(W1) 6= 0. This explains the second direct
sum in decomposition S(TM) = {φD2⊕M1⊕M2} ⊥ D0. For the case of GCR-
lightlike submanifold, η(E) = η(W1) = 0, hence g(φE,W ) = g(φE, φW1) = 0.
This implies that φD2 ⊥ M2 and hence the first direct orthogonal sum in the
decomposition S(TM) = {φD2 ⊕M1} ⊥M2 ⊥ D0 ⊥ 〈ξ〉.
5. INTEGRABILITY OF THE DISTRIBUTIONS D AND D̂
Let M be a QGCR-lightlike submanifold of an indefinite nearly Sasakian man-
ifold (M,g, φ, ξ, η). From (2.12), the tangent bundle of any QGCR lightlike sub-
manifold, TM , can be rewritten as
TM = D ⊕ D̂, (5.1)
where D = D0 ⊥ D1 and D̂ = {D2 ⊥ φD2} ⊕D.
Notice that D is invariant with respect to φ while D̂ is not generally anti-
invariant with respect to φ.
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Let π and π̂ be the projections of TM onto D and D̂ respectively. Then, using
the first equation of (5.1) we can decompose X as
X = πX + π̂X, ∀X ∈ Γ(TM). (5.2)
It is easy to see that φπX ∈ Γ(D). However, the action of φ on π̂X gives a
tangential and transversal component due to a generalized ξ, i.e.,
φX = P1X + P2X +QX, ∀X ∈ Γ(TM), (5.3)
where P1X = φπX while P2X is the tangential component of φπ̂X and QX is
the transversal component of φX, essentially coming from φπ̂X since φD = D.
By grouping the tangential and transversal parts in (5.3), it is easy to see that
φX = PX +QX, ∀X ∈ Γ(TM), (5.4)
where PX = P1X + P2X.
Note that if X ∈ Γ(D), then P2X = QX = 0, and φX = P1X.
The equation (5.4) can be properly understood through the following specific
case of vector field in D ⊂ D̂. Let ξM and ξtrM be the tangential and transversal
components of ξ. If X ∈ Γ(D) and since D = φS ⊕ φL, then
φX = SX + LX − {η(SX) + η(LY )}ξM − {η(SX) + η(LY )}ξtrM .
Consequently, for X ∈ Γ(D),
P1X = 0,
P2X = −{η(SX) + η(LY )}ξM ,
and QX = SX + LX − {η(SX) + η(LY )}ξtrM .
Similarly, for any V ∈ Γ(tr(TM)), V = SV + LV , and
φV = tV + fV, (5.5)
where tV and fV are the tangential and transversal components of φV , respec-
tively.
Differentiating (5.4) with respect to Y we get
∇Y PX +∇YQX = ∇Y φX. (5.6)
Then using (2.15), (2.16), (2.17) and (2.4) we have
∇Y PX +∇YQX = ∇Y PX + h(PX, Y )−AQXY +∇
t
YQX, (5.7)
and from (2.4), we have;
∇Y φX = φ(∇YX) + φ(∇XY ) + 2φh(X,Y )−∇XφY
+ 2g(X,Y )ξM + 2g(X,Y )ξtrM − η(Y )X − η(X)Y
= P (∇YX) +Q(∇YX) + P (∇XY ) +Q(∇XY )
+ 2th(X,Y ) + 2fh(X,Y )−∇XPY −∇
t
XQY
− h(X,PY ) +AQYX + 2g(X,Y )ξM + 2g(X,Y )ξtrM
− η(Y )X − η(X)Y. (5.8)
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Finally putting (5.7) and (5.8) in (5.6) and then comparing the tangential and
transversal components of the resulting equation, we obtain
(∇Y P )X + (∇XP )Y = AQXY +AQYX + 2th(X,Y )
+ 2g(X,Y )ξM − η(X)Y − η(Y )X, (5.9)
and
(∇TYQ)X + (∇
T
XQ)Y = −h(PX, Y )− h(X,PY )
+ 2fh(X,Y ) + 2g(X,Y )ξtrM , (5.10)
for all X,Y ∈ Γ(TM), where
(∇Y P )X = ∇Y PX−P (∇YX) and (∇TYQ)X = ∇tYQX−Q(∇YX). (5.11)
Proposition 5.1. Let (M,g, S(TM), S(TM⊥)) be a QGCR-lightlike submanifold
of an indefinite nearly Sasakian manifold (M,φ, η, ξ, g). Then,
P [X,Y ] = −∇Y PX −∇XPY + 2P∇XY +AQXY +AQYX
+ 2th(X,Y ) + 2g(X,Y )ξM − η(X)Y − η(Y )X, (5.12)
and
Q[X,Y ] = −∇tYQX −∇
t
XQY + 2Q∇XY − h(PX, Y )− h(X,PY )
+ 2fh(X,Y ) + 2g(X,Y )ξtrM , (5.13)
for all X,Y ∈ Γ(TM).
Proof. The proof follows from (5.9) and (5.10). 
Theorem 5.2. Let (M,g, S(TM), S(TM⊥)) be a QGCR-lightlike submanifold of
an indefinite nearly Sasakian manifold (M,φ, η, ξ, g). Then, the distribution D is
integrable if and only if
h(P1X,Y ) + h(X,P1Y ) = 2(Q∇XY + fh(X,Y ) + g(X,Y )ξtrM ),
and P2[X,Y ] = 0.
for all X,Y ∈ Γ(D).
Proof. The proof is a straightforward calculation. 
The integrability of D̂ is discussed as follows. Note that the distribution D̂ is
integrable if and only if, for any X, Y ∈ Γ(D̂), [X,Y ] ∈ Γ(D̂). The latter is
equivalent to P1[X,Y ] = 0.
Theorem 5.3. Let (M,g, S(TM), S(TM⊥)) be a QGCR-lightlike submanifold of
an indefinite nearly Sasakian manifold (M,φ, η, ξ, g). Then, the distribution D̂ is
integrable if and only if
AQXY +AQYX −∇Y P2X −∇XP2Y
+ 2(P1(∇XY ) + g(X,Y )ξM + th(X,Y )) ∈ Γ(D̂),
for all X,Y ∈ Γ(D̂).
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Proof. Let X,Y ∈ Γ(D̂), then it is easy to see that P1X = P1Y = 0. Hence,
PX = P2X and PY = P2Y . Now using (5.12), we derive
φ[X,Y ] = P [X,Y ] +Q[X,Y ]
= −∇Y PX −∇XPY + 2P∇XY +AQXY
+AQYX + 2th(X,Y ) + 2g(X,Y )ξM − η(X)Y
− η(Y )X +Q[X,Y ]
= −∇Y P2X −∇XP2Y + 2P1∇XY +AQXY
+AQYX + 2th(X,Y ) + 2g(X,Y )ξM + 2P2∇XY
− η(X)Y − η(Y )X +Q[X,Y ]. (5.14)
It is obvious from (5.14) that the last four terms belongs to D̂. Hence, the asserta-
tion follows from the remaining terms. 
Let consider the lightlike submanifold M given in Example 3.8. The distribution
D is spanned by {E1, E2,X3,X4} while D̂ is spanned by {E3, φ0E3, φ0W}. By
straightforward calculations, we can see that [E1, E2] = 2∂z = 2ξ. Thus, [E1, E2]
does not belong to D and hence non integrable. On the other hand, [E3, φ0E3] =
−[E3,X2] = cos
2 θ∂z = cos2 θξ. Since ξ does not belong to D̂, we can see that
D̂ is not integrable.
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